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We investigate the differential number counts of sources in radio continuum surveys, including
all terms at linear order in cosmological perturbations. Our framework does not assume a specific
gauge condition. This general approach allows us to recover gauge invariance explicitly. With the
complete derivations of the covariant volume integral on the past light cone, we have identified
several contributions in the number counts. To clarify their underlying physics, we present each
contribution in terms of scalar, vector and tensor modes. This theoretical framework promises to be
widely applicable to continuum radio galaxy surveys to model the expected angular power spectrum
and two-point correlation.
PACS numbers: 98.80.-k, 98.65.-r, 98.54.Gr, 98.70.Dk
I. INTRODUCTION
Number counts of extragalactic radio continuum
sources were one of the first cosmological probes, and al-
lowed to test the evolution of the Universe well before the
discovery of the cosmic microwave background (CMB).
Historically, they have been crucial to dismiss the
steady state model of cosmology, falsify the so-called per-
fect cosmological principle, and to establish the isotropy
of the Universe at large angular scales (see e.g. [1–3]). In
those early days, the number of radio sources was only
of the order of a few thousand, which allowed a rough
test of the isotropy of the Universe, but the investigation
of the small count fluctuations expected at large angular
scales was dominated by shot noise and systematics.
Upcoming radio continuum surveys from a new gener-
ation of radio interferometers, such as the Low Frequency
Array (LOFAR) [4], the Australian Square Kilometre Ar-
ray Pathfinder (ASKAP) [5] and the Square Kilometre
Array (SKA) [6] will touch unprecedented large survey
volumes and flux ranges. Therefore the catalogs emerg-
ing from these surveys will no longer be limited by small
numbers, on the contrary they will compete with and
outreach the biggest extragalactic source counts in other
wave bands. Consequently, accurate theoretical modeling
of radio source number counts will be crucial to under-
standing the underlying physics.
Extragalactic radio sources are diverse in nature and
evolve both in comoving number density and luminos-
ity function (see e.g. [7]). They fall into two classes of
objects: active galactic nuclei (AGN) and star forming
galaxies (SFG). The angular resolution of SKA contin-
uum surveys will allow to classify the sources according
to their morphology.
Active galactic nuclei are the brightest sources in radio
continuum surveys. Their radio emission is due to syn-
chrotron radiation emerging from the vicinity of their
∗ songchen@physik.uni-bielefeld.de
† dschwarz@physik.uni-bielefeld.de
central supermassive objects, presumably black holes.
AGN is common from the local Universe out to redshifts
of z ∼ 7, are distributed over the whole sky and are ex-
tremely luminous, especially at low frequencies.
This encourages us to investigate them for large scale
structure and cosmology. This direction has been ex-
plored previously by several authors [8, 9] based on data
from the NRAO VLA Sky Survey [10]. However, in the
interpretation of the data only the density perturbations
itself, but no effects of light propagation have been con-
sidered.
In this work we provide the theoretical basis to calcu-
late the differential number counts
d2N
dΩdS
(eˆ, ω, S), (1)
which denotes source number per solid angle and per flux
density observed in direction eˆ in a narrow frequency
band centered at frequency ω and at flux density S.
In contrast to galaxy redshift surveys, the distance esti-
mates of the sources have to rely on the observed bright-
ness and thus on the luminosity distances. In radio, the
synchrotron and free-free emission mechanisms suggest
that the specific luminosity of radio sources should follow
a power law L(ω) ∝ ω−α, where α is named the spectral
index. Our results are not limited to the radio band,
with proper K-correction they hold for any flux-limited
sample obtained in a narrow frequency band.
The linear order effects in the number of galaxies per
redshift per solid angle was investigated in [11–13] for
different choices of coordinates (gauges). A more general
approach was presented in [14, 15] without specifying
any gauge condition. These results are most significant
for optical galaxy redshift surveys like BOSS [16] (LRG
z < 0.7) and Euclid [17] (z < 2). Compared to the anal-
ysis of optical galaxies, the investigation of radio contin-
uum sources should put more focus on the distortion ef-
fects at higher redshifts. So far no fully relativistic treat-
ment for the differential number counts of radio sources
is available.
In this work, we provide the complete theoretical
framework of differential number counts of radio sources
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2at linear order in cosmological perturbation theory. In
our results, part of the perturbations to the differential
number counts have been investigated in [18, 19], where
they choose the Newtonian gauge. Because of the inher-
ent gauge freedom in the general relativity perturbation
theory, the gauge choice of the perturbations is always
an issue especially on super-Hubble scales. We do not
make any gauge assumption to ensure that their physical
meanings can be extracted clearly.
The paper is structured as follows. In the next section,
we show how to count objects on the past light cone. In
Sec. III we express this counting in the observed coordi-
nates, where we derived the flux fluctuation to the linear
order. The total volume distortion including the flux
distortion and angular displacements can be seen clearly.
Finally, we combine the luminosity function and previ-
ous number counts elements into the first order number
count per flux per solid angle.
II. NUMBER COUNTS ON THE LIGHT CONE
In this work, we consider linear perturbations of a spa-
tially isotropic, homogeneous and flat metric, largely fol-
lowing the notation of [20]. A dot denotes a derivative
with respect to the conformal time η, the scale factor is
a and H ≡ a˙/a. The line element is expressed as
ds2 = −a2(1 + 2φ)dη2 − 2a2(B,i + Si)dηdxi (2)
+a2[(1 + 2ψ)δij + 2E,ij + Fi,j + Fj,i + hij ]dx
idxj ,
where B,i = ∂B/∂x
i, and Si and Fi are transverse vec-
tors, i.e. their divergencies vanish (Si,i = 0 and F
i
,i = 0).
The transverse, traceless tensor hij satisfies the four con-
straints hii = 0, h
i
j,i = 0. We express our results in terms
of the gauge invariant metric potentials
Φ ≡ φ−H(B + E˙)− (B˙ + E¨),
Ψ ≡ ψ −H(B + E˙), (3)
Ui ≡ Si + F˙i.
We can consider our past light cone to be a three-
dimensional hypersurface of the four-dimensional space-
time [21]. Within this hypersurface, the four coordinates
xµ may be expressed by smooth functions of three param-
eters yα:
xµ = xµ(y1, y2, y3). (4)
For convenience, we use the light cone constraint to fix
the conformal time η, and choose the three parameters
on the past light cone to be the spherical coordinates
(r, θ, φ). In a second step (next section) we connect them
to the observed source positions on the sky and to ob-
served comoving source distances.
The total number of radio sources on the past light
cone (plc) can be computed by considering a covariant
volume integral
N =
∫
plc
nphyu
µdSµ, (5)
where nphy = nphy(η, x
i) is the inhomogeneous physical
number density in the rest frame of the cosmic fluid, u0 =
(1 − φ)/a, ui = vi/a are the components of the four-
velocity field of the radio sources and
dSµ = µνσρdx
νdxσdxρ
= µνσρ
∂xν
∂r
∂xσ
∂θ
∂xρ
∂ϕ
drdθdϕ, (6)
with µνσρ =
√−g[µ ν σ ρ] denoting the Levi-Civita pseu-
dotensor.
At linear order, the covariant volume integral can be
written as
N =
∫
plc
nphyu
µµνσρ
∂xν
∂r
∂xσ
∂θ
∂xρ
∂ϕ
drdθdϕ
=
∫
plc
nphya
3r2[1 + 3ψ +∇2E + vieri ]drdΩ, (7)
where eri denotes the radial unit vector. Here, the terms
3ψ and ∇2E are due to the distortion of the spatial vol-
ume, the term vieri is due to the light cone projection.
Let us stress that this result holds true for all coordinate
systems in which the observer is at rest, i.e. vi denote
the velocity of the sources. In order to express the N
in another frame (e.g. the CMB rest frame) one has to
replace vi by (vi − vio) where vio denotes the observer’s
peculiar velocity. This can be easily seen from the fact
that linearized Lorentz boost reduce to Galilean trans-
formations which do not modify the volume, but affect
the light cone projection. By construction N is a gauge
invariant quantity, which we have checked explicitly.
III. COORDINATES OF THE OBSERVER
In the previous section, the number count has been ex-
pressed as an integral over the coordinates (r, θ, ϕ). How-
ever, these coordinates do not agree with the coordinates
used by the observer. The actual observables are redshift
and/or flux, instead of coordinate distance, and position
(two observed angles), instead of the angular coordinates
introduced above. The following subsection briefly re-
views the redshift and luminosity distance distortions up
to first order in cosmological perturbations.
A. Redshift distortions
The authors of [22, 23] suggest that the analysis of per-
turbed null geodesics is drastically simplified by means
of a conformal transformation. Below we follow this ap-
proach and regard the cosmic scale factor to be a con-
formal transformation of a perturbed Minkowski space-
time. The redshift is then defined as
z =
ωs
ωo
− 1 = ao(uµk
µ)s
as(uνkν)o
− 1, (8)
3FIG. 1. Affine parameter convention of a light ray in a radio
observation.
where ωs and ωo are the frequencies at the source and
observer, respectively. In our notation and at linear order
1 + z =
Ao
As [1− Φ|
s
o + e
riVi|so + k0
∫ λs
λo
dλ′(Φ˙− Ψ˙)
−1
2
k0
∫ λs
λo
dλ′erierj(Ui,j + Uj,i + h˙ij)], (9)
with the gauge invariant ratio of scale factors AoAs ≡
ao
as
(1 − H(B + E˙)|so) and the gauge invariant velocity
Vi ≡ vi − Si + E˙,i. Thus this expression is manifestly
gauge invariant. The affine parameter λ is related to
conformal time via dη = k0dλ, see Eq. (A2). Our sign
convention and the notation is illustrated in Fig. 1.
For convenience, we define 1+z ≡ aoas (1+δz), and thus
the redshift distortion becomes
δz = −H(B + E˙)|so − Φ|so + eriVi|so + k0
∫ λs
λo
dλ′(Φ˙− Ψ˙)
−1
2
k0
∫ λs
λo
dλ′erierj(Ui,j + Uj,i + h˙ij). (10)
More details are provided in Appendix A. From this
equation, one could clearly see the well-known gravi-
tational redshift, the Doppler shift and the integrated
Sachs-Wolfe effect, as well as vector mode and gravita-
tional wave contributions. We also introduce the nota-
tion 1 + z¯ ≡ aoas to indicate the unperturbed redshift,
which will be used later.
B. Specific flux fluctuations
Since radio sources typically have featureless (power
law) spectra, their redshift cannot be obtained from ra-
dio continuum observations. However, we observe the
specific flux. The observed specific flux of a radio source
is also affected by metric fluctuations. This effect mod-
ifies any distance estimate based on the ratio of specific
fluxes (assuming for a moment that we would know the
specific luminosities).
The energy momentum tensor of a radio source is
Tµν =
1
8pi
∫
dωA 2(ω, λ)kˆµkˆν . (11)
Here, we use kˆµ to distinguish the physical wave vec-
tor from kµ, the wave vector in the conformally related
Minkowski space-time. The bolometric flux is given by a
projection of the energy-momentum,
Sbol ≡ −eαuνoTµν hαµ , (12)
where hαµ is the spatial projection tensor, orthogonal to
the observer four-velocity uνo , and eα is a unit space like
vector pointing in the direction of the 3 wave vector in
the observer rest frame. These vectors are defined at the
observer, and we parallel transport the wave vector and
energy-momentum tensor along the geodesic. Since light
rays with different frequency follow the same geodesic,
we find
Sbol =
1
8pi
∫
dωA 2(ω, λ)ω2. (13)
Therefore, the specific flux density is
S(ω) =
1
8pi
A 2(ω, λ)ω2. (14)
At long wavelengths, synchrotron radiation is the domi-
nant radiation process, which suggests that the emitted
flux density follows a power law,
Ss(ωs) ∝ ω−αs , (15)
where α is the spectral index.
The emitted photon number in a frequency band of
width dωs, solid angle dΩs, and proper time interval dτs
can be expressed in terms of the specific luminosity of a
source L(ωs) ≡ 4piR2sSs(ωs) (Rs is a distance not too far
from the center of the source) and reads
dNγ =
L(ωs)
4piωs
dωsdΩsdτs. (16)
Due to the conservation of photon number (neglecting ab-
sorption and emission along the line of sight to a source)
we can relate that to the observed specific flux density
[24],
L(ωs)
4piωs
dωsdΩsdτs =
So(ωo)
ωo
dωodAodτo. (17)
The (monochromatic) luminosity distance DL is
DL ≡
√
Ls(ωs)dωs
4piSo(ωo)dωo
= Ro(1 + z), (18)
where we introduce the physical distance (today) Ro ≡√
dAo/dΩs. DL agrees with the luminosity distance in-
ferred from the bolometric flux of a thermal source.
4FIG. 2. Flux-redshift relation for different specific luminosi-
ties typical for AGNs. The standard Λ cold dark matter model
has been adopted, and the spectral index α has been chosen
to be 0.75.
To infer the distance of a source that is neither
monochromatic nor thermal requires the detailed knowl-
edge of its spectrum (besides its luminosity). For feature-
less spectra the redshift is typically unknown. It is thus
convenient to compare the observed specific flux density
to the specific luminosity at the observed frequency and
we use the observed bandwidth. We define the specific
luminosity distance,
DS ≡
√
Ls(ωo)dωo
4piSo(ωo)dωo
= (1 + z)(α−1)/2DL. (19)
The last term in Eq. (19) connects the specific luminos-
ity distance with the (monochromatic/bolometric) lumi-
nosity distance DL, the latter was discussed many times
[11, 22, 25, 26].
In the following our task is to calculate the specific flux
density of a radio source, taking all linear fluctuations
into account. We can write
So(ωo) = Ss(ωo)
R2s
D2S
=
Ls(ωo)
4pi
1
(1 + z)α+1R2o
. (20)
For the standard cosmological (homogeneous and
isotropic) model, this relation between flux density and
redshift is shown in Fig. 2 for several typical specific lumi-
nosities of radio sources. The linear distortions of redshift
were presented in the previous subsection. Analogous to
the redshift distortion, we define the physical distance
fluctuation δd via
Ro =
DL
1 + z
= ao(ηo − ηs)[1 + δd], (21)
where δd is then given by comparison with the expression
for the luminosity distance at linear order, which has
been discussed previously [22, 25, 26].
As shown in the appendix, Ro can be expressed in
terms of gauge invariant quantities as
Ro = ao(ηo − ηs)
[
1 + ψo − Φs + Ψs + ei(Vi)s + [E˙ +B]|
s
o
ηs − ηo + k
0
∫ λs
λo
(Φ˙− Ψ˙)dλ+ 2
ηs − ηo
∫ λs
λo
k0(Φ−Ψ)dλ
− 1
ηs − ηo
∫ λs
λo
(λs − λ)k2
(
Φ˙− Ψ˙)dλ− ∫ λs
λo
dλ
(λs − λ)(λ− λo)
2(λs − λo) k
2
[
∆(Φ−Ψ)− (Φ−Ψ),ijeiej
]
−k0
∫ λs
λo
1
2
eiej(Ui,j + Uj,i + h˙ij)dλ+
1
ηs − ηo
∫ λs
λo
(λs − λ)k2
[1
2
eiej(Ui,j + Uj,i + h˙ij)
]
dλ
−
∫ λs
λo
dλ
(λs − λ)(λ− λo)
2(λs − λo) k
2
[1
2
(U˙i,j + U˙j,i + h¨ij −∆hij)eiej −∆Uiei
]]
. (22)
We have checked that Ro is manifestly gauge invariant,
and after gauge fixing our result, it agrees with Bonvin
et al. [25].
As shown so far, distortions of the specific flux are af-
fected by redshift distortions δz and physical distance
fluctuations δd. Besides these geometrical effects, the
specific luminosity and spectra of different sources are
not identical, which provides another source of fluctu-
ation. Thus, we allow Ls(ωo) and α to vary and de-
note its fluctuations by δLs(ωo) = Ls(ωo) − L¯s(ωo) and
δα = α − α¯, respectively. The specific flux density can
be written as
So(ωo) = S¯o(ωo)(1 + δS), (23)
where
S¯o(ωo) =
L¯s(ωo)
4pia2o(1 + z¯)
α¯+1(ηo − ηs)2 (24)
and the specific flux fluctuation is
δS =
δLs(ωo)
L¯s(ωo)
− 2δd − (α¯+ 1)δz − δα ln(1 + z¯). (25)
5On one hand, at high redshifts and large fields of view (a
large sample) the geometric terms (−2δd− (α¯+1)δz) are
likely to dominate δS . On the other hand, at low redshift
and small fields of view, δα and δLs may play a significant
role, which might explain some of the variation observed
in the differential number counts in small fields.
C. Number counts in observed spherical
coordinates and lensing effect
As a result of the fluctuations we mentioned above,
we have to taken them into account when we do the
coordinate transformation from the background coordi-
nates (r, θ, ϕ) to the observed coordinates (ro, θo, ϕo) (see
Fig. 3). We assume that the two sets of coordinates are
related by small quantities, such that
r = ro + δr,
θ = θo + δθ, (26)
ϕ = ϕo + δϕ.
The comoving distance fluctuation is defined as the differ-
ence between the line of sight distance r in the comoving
coordinates and the distance ro inferred from the ob-
served flux density So for a fixed luminosity, measured
spectral index and assumed luminosity. Unlike the for-
mer, ro is in principle a measurable quantity and it is
invariant under coordinate transformations.
The observed flux is a function of the conformal time.
Using r¯ ≡ ηo − η and Eq. (24), we explicitly define the
function r¯ = r¯(S¯o), and the inferred distance ro ≡ r¯(So).
Expanding this definition at background flux leads to
r¯(So) = r¯(S¯o) +
dr¯
dS¯o
(So − S¯o)
ro = ηo − η − (ηo − η)δS
2 + (α¯+ 1)(ηo − η)H . (27)
The linear order light cone relation in the background
coordinates is
ηo − η −
∫ λo
λ
dλ′l0 = r −
∫ λ
λo
dλlieri , (28)
where lµ is the wave vector fluctuation caused by metric
fluctuation in the conformally related geometry, for more
details see Appendix A. According to the null condition
Eq. (A3), one can find the inferred distance deviation
δr = r − ro (29)
=
roδS
2 + (α¯+ 1)roH + [
kiFi
k0
−B + k
iE,i
k0
− E˙]|so
+
∫ s
o
dλ(−k0Φ + k0Ψ− Uiki + k
ikj
2k0
hij),
where we have replaced η−η by ro, which introduces con-
tributions at higher order that we neglect. Metric per-
turbations can deflect and disperse light rays and thus
FIG. 3. Observed position vs. background position.
displace the observed angles on the sky (see Fig. 3). Fol-
lowing [14],
δθ = − 1
ro
∫ s
o
dλ
(
eθi[g
(1)
0i k
0 + g
(1)
ji k
j ]so
−λs − λ
2r
g
(1)
σρ,θk
σkρ
)
, (30)
δϕ = − 1
rosin(θo)
∫ s
o
dλ
(
eϕi[g
(1)
0i k
0 + g
(1)
ji k
j ]so
− λs − λ
2rsin(θo)
g(1)σρ,ϕk
σkρ
)
, (31)
where eθi and eϕi are the unit vectors point into the
angular direction. For further details see Appendix B
and [14].
The Jacobian of the transformation from the back-
ground coordinates to observed coordinates is
det(J) =
1
So
−ro
2 + (α¯+ 1)roH [1+
dδr
dro
+
∂δθ
∂θo
+
∂δϕ
∂ϕo
]. (32)
The prefactor is gauge invariant, since it is the derivative
of observed flux respect to the inferred distance ro. To
the linear order,
dδr
dro
=
∂δr
∂r
− ∂δr
∂η
, (33)
and according to the transformation law of vectors, the
three-velocity of the source can be expressed in the ob-
served coordinates as
V ′i = vi − ∂δx
i
∂η
. (34)
We combine the previous results with the expression
for Eq. (7) to obtain the total number count for the
sources with identical luminosity.
N =
∫
dΩo
∫
dSo
So
a3r3onphy
2 + (α¯+ 1)roH [1 + 3ψ + ∆E
+V ′ieri + 2
δr
ro
+
∂δr
∂ro
− 2κg], (35)
6where, we changed ∂δr/∂r to ∂δr/∂ro, since δr is a first
order quantity. κg denotes the gravitational lensing con-
vergence,
κg = −1
2
[(cot θo +
∂
∂θo
)δθ +
∂δϕ
∂ϕo
]. (36)
Inserting the angular displacements into Eq. (36), we get
κg =
1
2ro
∫ s
o
dλ(λs − λ)
[
1
2r(λ)
∇ˆ2 (2k2(Φ−Ψ) + 2Uikik0 − kikjhij) (37)
+[(cot θo +
∂
∂θo
)eθi +
1
sin(θo)
∂
∂ϕo
eϕi]
d
dλ
(−Uik0 + hijkj) + [(cot θo + ∂
∂θo
)eθi +
1
sin(θo)
∂
∂ϕo
eϕi]
d2
dλ2
(E,i + Fi)
]
,
where ∇ˆ2 is the Laplacian operator on a unit sphere,
∇ˆ2 = cot θo ∂
∂θ
+
∂2
∂θ2o
+
1
sin2(θo)
∂2
∂ϕ2o
. (38)
According to its definition, κg describes the solid an-
gle difference between the observer coordinates and the
background coordinates. Since the background coordi-
nates are not measurable, κg changes under coordinate
transformations. A gauge invariant quantity
Kg ≡ κg − 1
2ro
∫ s
o
dλ(λs − λ)
[
(cot θo +
∂
∂θo
)eθi (39)
+
1
sin(θo)
∂
∂ϕo
eϕi
] d2
dλ2
(E,i + Fi)
can be inferred from the angular diameter distance fluc-
tuations. After gauge fixing, Kg agrees with the gravita-
tional lensing convergence in [27, 28]. Additionally, it is
useful to also define a gauge invariant comoving distance
fluctuation
δR ≡ δr − [k
iFi
k0
+
kiE,i
k0
]|so. (40)
The gauge dependent contributions in κg and δr, that
depend on the position of the source, cancel the ∆E term
(from
√−g) in Eq. (35).
We have checked that the result Eq. (35) agrees with
[15] at the background level after replacing flux density
by redshift. Our comoving distance fluctuation is differ-
ent due to the different choice of observable( we consider
flux density, they consider redshift).
D. Physical number density
In the previous sections, we have evaluated the effect
of metric fluctuations on the total number count for a
fixed luminosity. The next step is to integrate all possible
source luminosities. We assume
nphy(L, So, θo, ϕo) =
∑
i
ni (41)
=
(
ao
a
)3∑
i
ρi(L)pi(L, ro)(1 + δni(L, So, θo, ϕo)),
where the index i characterizes the different types of
sources (e.g. AGN or SFG, or any finer classification),
ρi(L) and pi(L, ro) are the local (today’s) luminosity
function and the generalized evolution function [29]. It is
common to parametrize the luminosity function in terms
of a two-power law function [30],
ρ(L) = ρc[(
L
Lc
)β + (
L
Lc
)γ ]−1. (42)
Other prominent functions are the Schechter luminosity
function [31]
ρ(L) = ρc(
L
Lc
)−β exp(− L
Lc
), (43)
or a simple power-law.
Here we also introduce gauge invariant number density
perturbation ∆ni ,
∆ni = δni + 3ψ (44)
IV. DIFFERENTIAL NUMBER COUNTS
In the early days of cosmology, integral number counts
N(≥ S) have been used quite frequently. However, this is
not the best way to represent the data, as error evaluation
for such a cumulative quantity is sophisticated. Alterna-
tively, the differential number counts, i.e. the number of
sources inside the flux interval S to S + ∆S, are a good
alternative.
We thus arrive at the central result of this work, the
expression for the differential number counts including
all linear order effects:
d2N
d lnSodΩo
(45)
= −
∑
i
∫ ∞
0
dLρi(L)pi(L, ro)
a3or
3
o
2 + (α¯i + 1)roH ×
[1 + ∆ni + V
′ · er + 2δR
ro
+
∂δR
∂ro
− 2Kg].
7V. DISCUSSION AND CONCLUSION
We present a theoretical framework for the predic-
tion of differential number counts, either analytically or
by means of simulations. This framework is based on
fully relativistic linear perturbations of a spatially flat,
isotropic and homogeneous space-time metric. In partic-
ular we did not assume any gauge condition. We have
checked that the number of sources within fixed intervals
of flux, frequency and solid angle is gauge invariant.
In previous work [12–14], the number density has been
studied as a function of redshift. There the redshift dis-
tortion is one of the dominant effects in the radial direc-
tion. In our case, as shown in the Sec. III the radial di-
rection fluctuation comes from three effects, i.e. redshift
distortions, physical distance fluctuations, variation of
the source luminosities and spectral indices. This makes
the evaluation more involved than the case when the red-
shifts of each source are accessible.
With the complete derivations of the covariant volume
integral on the past light cone, we have identified several
contributions in the differential number count fluctua-
tions, including Doppler effect, generalized Sachs-Wolfe
effects, lensing effect and astrophysical variations (lumi-
nosity and spectral index).
To further constrain the differential number counts will
require not only accurate theoretical predictions, but also
to model and measure luminosity functions, luminosity
and density evolution. However, the luminosity and den-
sity evolution of galaxies is not important when we study
the statistical properties of n-point correlations on large
enough scales. A more detailed analysis, especially in the
light of planned radio surveys with ASKAP, MeerKAT,
LOFAR and SKA will be presented elsewhere.
Appendix A: Null geodesics and redshift
Conformal transformations preserve the causal struc-
ture of space-time. Thus we can find the null geodesics
of a linearly perturbed Minkowski space-time and relate
them to the null-geodesics of the spatially flat Friedmann-
Lemaˆıtre cosmologies via a conformal transformation
provided by the scale factor. This strategy was used
in [22, 23, 25]. For completeness, we repeat the most
essential steps in our notation.
The null geodesic xµ(λ), with λ denoting an affine pa-
rameter, can be decomposed into a background path plus
a perturbation,
xµ(λ) = x(0)µ(λ) + x(1)µ(λ), (A1)
where x(0)µ is a null geodesic in Minkowski space-time,
and we assume that the metric perturbations are small.
The null vector-field is therefore
kµ =
dx(0)µ
dλ
, lµ =
dx(1)µ
dλ
. (A2)
At the first order, the null condition becomes
−k0l0 + kili = k2φ+ (B,i + Si)kik0
−kikj(ψδij + E,ij + 1
2
Fi,j +
1
2
Fj,i +
1
2
hij),(A3)
where we define (k0)2 = (kiei)
2 ≡ k2.
Now we turn to the perturbed geodesic equation. The
zeroth order geodesic equation simply tells us that x(0)µ is
a straight trajectory, while the first order geodesic equa-
tion is
dlµ
dλ
= −2Γ(0)µρσ kρlσ −Γ(1)µρσ kρkσ −Γ(0)µρσ,νkρkσx(1)ν . (A4)
For the flat background,
dlµ
dλ
= −Γ(1)µρσ kρkσ. (A5)
The temporal component of this equation is
dl0
dλ
= −2dφ
dλ
k0 + k2[φ˙− ψ˙]− kikj [E˙,ij +B,ij
+
1
2
(Si,j + Sj,i + F˙i,j + F˙j,i) +
1
2
h˙ij ], (A6)
where we used dφ/dλ = φ˙dη/dλ+ φ,idx
i/dλ.
After integrating Eq. (A6), we obtain the temporal
component of the wave number perturbation
l0|so = −2k0φ|so + k2
∫ λs
λo
dλ′[φ˙− ψ˙]− k2
∫ λs
λo
dλ′erierj [E˙,ij
+B,ij +
1
2
(Si,j + Sj,i + F˙i,j + F˙j,i + h˙ij)], (A7)
where eri denotes the unit vector pointing from the ob-
server to the source. With l0 one can further evaluate
the redshift at linear order, by means of
1 + z =
ao
as
(k · u(0))s + (k · u(1))s + (l · u(0))s
(k · u(0))o + (k · u(1))o + (l · u(0))o . (A8)
Since ui is of first order, only the time component of lµ
contributes and we find
1 + z =
Ao
As
[1− Φ|so + eriVi|so + k0
∫ λs
λo
dλ′(Φ˙− Ψ˙)
−1
2
k0
∫ λs
λo
dλ′erierj(Ui,j + Uj,i + h˙ij)]. (A9)
Appendix B: Angular displacement
Equations (30) and (31) were derived in [14]. There-
fore, we just provide the most essential steps.
We start from an infinitesimal deviation in the θˆ direc-
tion,
rδθ = eθiδx
i =
∫ s
o
dλeθil
i. (B1)
8Since angles are not affected by conformal transforma-
tions, δθ can be calculated from the geodesic equation in
the conformally related geometry,
dli
dλ
= −Γ(1)iσρ kσkρ
= −1
2
δiα(g(1)σα,ρ + g
(1)
ρα,σ − g(1)σρ,α)kσkρ
= −dδ
iαg
(1)
σα
dλ
kσ +
1
2
δiαg(1)σρ,αk
σkρ. (B2)
With the help of dk
µ
dλ = Γ
(0)µ
σρ kσkρ = 0, we find
eθil
i|so = −eθi[g(1)0i k0 + g(1)ji kj ]so +
1
2
∫ s
o
dλeθig
(1)
σρ,ik
σkρ.
Integrate eθil
i along the path to obtain
δθ = − 1
ro
∫ s
o
dλ
(
eθi[g
(1)
0i k
0 + g
(1)
ji k
j ]so
−λs − λ
2r
g
(1)
σρ,θk
σkρ
)
, (B3)
where the double integral can be simplified as∫ λs
λo
dλ′
∫ λ′
λo
f(λ)dλ =
∫ λs
λo
f(λ)(λs − λ)dλ, and we use
eθig
(1)
σρ,i = g
(1)
σρ,θ/r.
An analogous calculation gives
δϕ = − 1
ro sin θo
∫ s
o
dλ
(
eϕi[g
(1)
0i k
0 + g
(1)
ji k
j ]so
− λs − λ
2r sin θo
g(1)σρ,ϕk
σkρ
)
. (B4)
At linear order in perturbation theory, we are allowed to
identify r and ro, and θ with θo inside the expressions,
as those differences are of higher order.
Appendix C: Luminosity distance
In this section we provide some essential steps for de-
riving the luminosity distance at linear order. We follow
closely Sasaki [22]. After gauge fixing our final expres-
sion agrees with Bonvin et al. [25].
The luminosity distance can be expressed as
DL =
Asωs
Aoωo
Rs (C1)
where A is the amplitude in the eikonal approximation
of geometric optics. According to the energy-momentum
conservation and the geodesic equation,
∇µ(A 2kˆµ) = 2A (dA
dλˆ
+
1
2
A ϑˆ) = 0, (C2)
where ϑˆ ≡ ∇µkˆµ.
In the conformally related geometry, one can verify
that
∇µ(A 2a2kµ) = 2A (d(A a)
dλ
+
1
2
A aϑ) = 0, (C3)
where ϑ ≡ ∇µkµ is the expansion of the congruence.
The evolution of ϑ is described by its covariant derivative
along the null path,
dϑ
dλ
= −Rµνkµkν − 1
2
ϑ2 − 2σ2. (C4)
At the zeroth order, the Ricci tensor in the conformally
related geometry Rµν = 0, one simply gets
dϑ¯
dλ
+
1
2
ϑ¯2 = 0,
ϑ¯ =
2
λ+ c
. (C5)
We define λo and λs + ∆λs for the affine parameter at
observer and source, respectively. As shown in Fig. 1, we
assume the source is spherical and its radius in terms of
the affine parameter is ∆λs. At the source ϑ¯→∞, then
c = −λs −∆λs, therefore to zeroth order
ϑ¯ =
2
λ− λs −∆λs . (C6)
At first order,
dδϑ
dλ
= −δRµνkµkν − ϑ¯δϑ. (C7)
Integration of Eq. (C7) with the boundary condition
δϑ(λs) = 0 yields
δϑ(λ) =
1
(λ− λs −∆λs)2
∫ λs
λ
(λ′−λs−∆λs)2δRµνkµkνdλ′.
(C8)
According to Eq. (C3)
A a = c1 exp[−
∫ λ
λo
ϑ
2
dλ]. (C9)
Therefore
A (λs)a(λs)
A (λo)a(λo)
=
λs − λo + ∆λs
∆λs
exp[−
∫ λs
λo
δϑ
2
dλ].
(C10)
In the local inertial frame of the source (η˜, x˜i),
ω = gµνu
µkˆν =
−1
a2
dη˜
dλ
, (C11)
and thus
Rs =
√
δijdx˜idx˜j = |∆η˜| = a2s ∆λsωs. (C12)
9In the limit ∆λs → 0, the luminosity distance is
DL = (1 + z)
As
Ao
Rs
= ao(1 + z)
asωs
k0
(ηs − ηo)[1− 1
ηs − ηo
∫ λs
λo
l0dλ
−
∫ λs
λo
δϑ
2
dλ] (C13)
where the term proportional to l0 comes from replacing
the affine parameter by the conformal time. At leading
order we can further write
1
ηs − ηo
∫ λs
λo
l0dλ =
1
λs − λo
∫ λs
λo
l0
k0
dλ. (C14)
Using integration by parts,
∫ λs
λo
l0dλ =
∫ λs
λo
(λs − λ)dl
0
dλ
dλ+ (λs − λo)l0(λo).
According to Eq. (A6)∫ λs
λo
dλ(λs − λ)dl
0
dλ
=
∫ λs
λo
(λs − λ)k2
[
Φ˙− Ψ˙− 1
2
eiej(Ui,j + Uj,i + h˙ij)
]
dλ
−2k0
∫ λs
λo
[
φ− (E¨ + B˙)
]
dλ− [E˙ +B]|so
+(λs − λo)[2k0φo − k0(E¨o + B˙o) + ki(E˙o +Bo),i]
(C15)
Inserting Eq. (C8) into the last term of Eq. (C13), and
integrating by parts,∫ λs
λo
δϑ
2
dλ =
∫ λs
λo
(λs − λ)(λ− λo)
2(λs − λo) δRµνk
µkνdλ
=
∫ λs
λo
dλ
(λs − λ)(λ− λo)
2(λs − λo) k
2
[
∆[Φ−Ψ]−∆Uiei
−[Φ−Ψ],ijeiej + 1
2
[U˙i,j + U˙j,i + h¨ij −∆hij ]eiej
]
−ψs − ψo + 2
λs − λo
∫ λs
λo
ψdλ (C16)
Recall that the photon frequency ωs is
ωs = gµνu
µkˆν =
1
as
[−k0 − k0φ+ ki(vi −B,i − Si)− l0s ]
(C17)
Finally, inserting Eq. (C16) and Eq. (C15) into
Eq. (C13), the luminosity distance can be expressed in
terms of gauge invariant quantities as
DL = ao(1 + z)(ηo − ηs)
[
1 + ψo − Φs + Ψs + ei(Vi)s + k0
∫ λs
λo
(Φ˙− Ψ˙)dλ+ 2
ηs − ηo
∫ λs
λo
k0(Φ−Ψ)dλ
+
[E˙ +B]|so
ηs − ηo −
1
ηs − ηo
∫ λs
λo
(λs − λ)k2
(
Φ˙− Ψ˙)dλ− ∫ λs
λo
dλ
(λs − λ)(λ− λo)
2(λs − λo) k
2
[
∆(Φ−Ψ)− (Φ−Ψ),ijeiej
]
−k0
∫ λs
λo
1
2
eiej(Ui,j + Uj,i + h˙ij)dλ+
1
ηs − ηo
∫ λs
λo
(λs − λ)k2
[1
2
eiej(Ui,j + Uj,i + h˙ij)
]
dλ
−
∫ λs
λo
dλ
(λs − λ)(λ− λo)
2(λs − λo) k
2
[1
2
(U˙i,j + U˙j,i + h¨ij −∆hij)eiej −∆Uiei
]]
. (C18)
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